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HODGE THEORY OF THE TURAEV COBRACKET AND THE
KASHIWARA–VERGNE PROBLEM
RICHARD HAIN
Abstract. In this paper we show that, after completing in the I-adic topol-
ogy, the Turaev cobracket on the vector space freely generated by the closed
geodesics on a smooth, complex algebraic curve X with a quasi-algebraic fram-
ing is a morphism of mixed Hodge structure. We combine this with results
of a previous paper on the Goldman bracket to construct torsors of solutions
to the Kashiwara–Vergne problem in all genera. The solutions so constructed
form a torsor under a prounipotent group that depends only on the topology
of the framed surface. We give a partial presentation of these groups. Along
the way, we give a homological description of the Turaev cobracket.
1. Introduction
Denote the set of free homotopy classes of maps S1 → X in a topological space
X by λ(X) and the free R-module it generates by Rλ(X). When X is an oriented
surface with a nowhere vanishing vector field ξ, there is a map
δξ : Rλ(X)→ Rλ(X)⊗Rλ(X),
called the Turaev cobracket, that gives Rλ(X) the structure of a Lie coalgebra.
The cobracket was first defined by Turaev [31] on Rλ(M)/R (with no framing) and
lifted to Rλ(M) for framed surfaces in [32, §18] and [3]. The cobracket δξ and the
Goldman bracket [9]
{ , } : Rλ(X)⊗Rλ(X)→ Rλ(X)
endow Rλ(X) with the structure of an involutive Lie bialgebra [32, 6, 25].
The value of the cobracket on a loop a ∈ λ(X) is obtained by representing it by
an immersed circle α : S1 → X with transverse self intersections and trivial winding
number relative to ξ. Each double point P of α divides it into two loops based at
P , which we denote by α′P and α
′′
P . Let ǫP = ±1 be the intersection number of the
initial arcs of α′P and α
′′
P . The cobracket of a is then defined by
(1.1) δξ(a) =
∑
P
ǫP (a
′
P ⊗ a′′P − a′′P ⊗ a′P ),
where a′P and a
′′
P are the classes of α
′
P and α
′′
P , respectively.
The powers of the augmentation ideal I of Rπ1(X, x) define the I-adic topology
on it and induce a topology on Rλ(X). Kawazumi and Kuno [25] showed that δξ
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is continuous in the I-adic topology and thus induces a map
δξ : Rλ(X)
∧ → Rλ(X)∧ ⊗̂Rλ(X)∧
on I-adic completions. This and the completed Goldman bracket give Rλ(X)∧ the
structure of an involutive completed Lie bialgebra [25].
Now suppose that X is a smooth affine curve over C or, equivalently, the com-
plement of a non-empty finite set D in a compact Riemann surface X . In this case
Qλ(X)∧ has a canonical mixed Hodge structure [10]. Our first main result is that
the Turaev cobracket is compatible with this structure.
Theorem 1. If ξ is a nowhere vanishing holomorphic vector field on X that is
meromorphic on X, then
δξ : Qλ(X)
∧ ⊗Q(−1)→ Qλ(X)∧ ⊗̂Qλ(X)∧
is a morphism of pro-mixed Hodge structures, so that Qλ(X)∧⊗Q(1) is a complete
Lie coalgebra in the category of pro-mixed Hodge structures.
We call such a framing ξ an algebraic framing. The previous result also holds
in the more general situation where the framing ξ is a section of a twist of the
holomorphic tangent bundle of X by a torsion line bundle. We call such framings
quasi-algebraic framings of X . (See Definition 7.1.)
The main result of [17] asserts that
{ , } : Qλ(X)∧ ⊗Qλ(X)∧ → Qλ(X)∧ ⊗Q(1)
is a morphism of mixed Hodge structure (MHS), so that Qλ(X)∧ ⊗ Q(−1) is a
complete Lie algebra in the category of pro-mixed Hodge structures.
Corollary 2. If ξ is a quasi-algebraic framing of X, then
(
Qλ(X)∧, { , }, δξ
)
is
a “twisted” completed Lie bialgebra in the category of pro-mixed Hodge structures.
By “twisted” we mean that one has to twist both the bracket and cobracket by
Q(±1) to make them morphisms of MHS. There is no one twist of Qλ(X) that
makes them simultaneously morphisms of MHS.
Let ~v be a non-zero tangent vector of X at a point of D. Standard results in
Hodge theory (see [17, §10.2]) imply:
Corollary 3. Hodge theory determines torsors of compatible isomorphisms
(1.2)
(
Qλ(X)∧, { , }, δξ
) ≃−→ ( ∏
m≥0
GrW−mQλ(X)
∧,GrW• { , },GrW• δξ
)
of the Goldman–Turaev Lie bialgebra with the associated weight graded Lie bialgebra
and of the completed Hopf algebras
(1.3) Qπ1(X,~v)
∧ ≃−→
∏
m≥0
GrW−mQπ1(X,~v)
∧
under which the logarithm of the boundary circle lies in GrW−2Qπ1(X,~v)
∧. These
isomorphisms are torsors under the prounipotent radical UMTX,~v of the Mumford–Tate
group of the MHS on Qπ1(X,~v)
∧.
In the terminology of [3], such isomporphisms solve the Goldman–Turaev for-
mality problem.
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Our main application is to the Kashiwara–Vergne problem [3]. Solutions of the
Kashiwara–Vergne problem of type (g, n+ 1), where 2g − 1 + n > 0, are automor-
phisms Φ of the complete Hopf algebra
Q〈〈x1, . . . , xg, y1, . . . , yg, z1, . . . , zn〉〉
that solve the Kashiwara–Vergne equations. They correspond to automorphisms
Φ that induce isomorphisms of the Goldman–Turaev Lie bialgebra with the com-
pletion of its associated weight graded that satisfy certain natural boundary con-
ditions. Corollary 3, combined with [2, Thm. 5], implies that the automorphism
Φ constructed from a Hodge splitting of Qπ1(X,~v)
∧ in [17, §13.4] solves the KV
equations. The following result is a special case of Corollary 10.2.
Corollary 4. Suppose that X is an affine curve of type (g, n+1), where 2g−1+n >
0. If ξ is a quasi-algebraic framing of X, then the isomorphisms Φ constructed in
[17, §13.4] from the canonical MHS on Qπ1(X,~v)∧ are solutions of the Kashiwara–
Vergne problem. The solutions constructed in this manner form a torsor under the
Mumford–Tate group UMTX,~v of the canonical mixed Hodge structure on Qπ1(X,~v)∧.
Our solutions of the Kashiwara–Vergne problem have the property that the cor-
responding splitting of the filtrations are compatible with those of the Lie algebra
of the relative completion of the mapping class group constructed in [12]. (See [17,
Thm. 6].) Whether or not all solutions of the Kashiwara–Vergne problem have this
property is not known.
The Kashiwara–Vergne problem concerns smooth surfaces and does not require
a complex structure. Let S be a closed oriented surface of genus g and P =
{x0, . . . , xn} a finite subset. Set S = S − P . Assume that S is hyperbolic; that
is, 2g − 1 + n > 0. Suppose that ξo is a framing of S. Denote the index (or local
degree) of ξo at xj by dj . Let d = (d0, . . . , dn) ∈ Zn+1 be the vector of local degrees
of ξo. The Poincare´–Hopf Theorem implies that
∑
dj = 2− 2g.
In [3] it is shown that the Kashiwara–Vergne problem admits solutions for all
framed surfaces of genus g 6= 1 and for surfaces of genus 1 with certain, but not all,
framings.1 (See [3, Thm. 6.1].) We obtain an independent proof of their result by
showing (in Section 9) that the framings for which the KV-problem has a solution
are precisely those that can be realized topologically by a quasi-algebraic framing.
The proof combines work of Kawazumi [23] with the existence of meromorphic
quadratic differentials, which is established in the works of Kontsevich–Zorich [27]
and Bainbridge, Chen, Gendron, Grushevsky and Mo¨ller [4].
Theorem 5. If g 6= 1, then there is a complex structure (X,D) on (S, P ) such that
ξo is homotopic to a quasi-algebraic framing of X. When g = 1, then there is a
complex structure on (S, P ) for which ξo is quasi-algebraic if and only if the rotation
number of rotξoγ of every simple closed curve γ in X is divisible by gcd(d0, . . . , dn).
Solutions of the Kashiwara–Vergne (KV) problem for (S, ξo) form a torsor under
a prounipotent group, denoted KRVd
g,n+~1
in [3]. It depends only on the vector of
1To compare the two statements, one should note that if γj is the boundary of sufficiently
small disk in X, centered at xj and, then dj + rotξγj = 1. Note that the boundary orientation
conventions used in [1, 2, 3] differ from those used in this paper. Their “adapted framing” has
the property that d0 = 2− 2g and dj = 0 for all j ≥ 1.
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local degrees d and not on other topological invariants of ξo. Corollary 4 implies
that each quasi-algebraic structure
φ : (X,D,~v, ξ)
≃−→ (S, P,~vo, ξo)
determines an injection UMTX,~v →֒ KRVdg,n+~1. Letting the stabilizer of ξo in the
mapping class group of (S, P ) act on the complex structure φ by precomposition, we
obtain a larger a larger torsor of solutions to the KV-problem. These form a torsor
under a prounipotent group Ûd
g,n+~1
whose construction and structure is discussed
below. It is a subgroup of KRVd
g,n+~1
. We conjecture that it is equal to KRVd
g,n+~1
.
Equivalently, we conjecture that all solutions of the Kashiwara–Vergne problem
arise from the Hodge theoretic constructions for some quasi-algebraic structure φ.
In order to state the next theorem, we need to introduce several prounipotent
groups. Denote the category of mixed Tate motives unramified over Z by MTM(Z).
Denote the Lie algebra of the prounipotent radical of its tannakian fundamental
group π1(MTM, ω
B) (with respect to the Betti realization ωB) by K. Its Lie algebra
k is non-canonically isomorphic to the free Lie algebra
k ∼= L(σ3, σ5, σ7, σ9, . . . )∧.
Denote the relative completion of the mapping class group of (S, P,~vo) by Gg,n+~1
and its prounipotent radical by Ug,n+~1. (See [12] for definitions.) These act on
Qπ1(S,~vo)
∧. Denote the image of Ug,n+~1 in AutQπ1(S,~vo)∧ by Ug,n+~1.2 The
vector field ξo determines a homomorphism Ug,n+~1 → H1(S) that depends only on
the vector d of local degrees of ξ. Denote its kernel by Udg,n+~1.3 The group Ûdg,n+~1,
mentioned above, is the subgroup of KRVd
g,n+~1
generated by Ug,n+~1 and UMTX,~v .
Theorem 6. If 2g + n > 1 (i.e., S is hyperbolic), then the group Ûd
g,n+~1
does
not depend on the choice of an algebraic structure (X,D,~v, ξ) on (S, P,~vo, ξo).
The group Udg,n+~1 is normal in Ûdg,n+~1, and there is a canonical surjective group
homomorphism K → Ûd
g,n+~1
/Udg,n+~1, where K denotes the prounipotent radical of
π1(MTM).
This result follows from a more general result, Theorem 12.4, which is proved in
Section 13. We expect the homomorphism K → Ûd
g,n+~1
/Udg,n+~1 to be an isomor-
phism. The injectivity of this homomorphism is closely related to Oda’s Conjecture
[28] (proved in [30]) and should follow from it.
In genus 1, the associated graded Lie algebra GrW• u1,n+~1 of the Lie algebra of
U1,n+~1 contains contains the derivations δ2n (denoted ǫ2n in [20]). This implies [3,
Thm. 1.5].
2Conjecturally, the homomorphism G
g,n+~1
→ AutQπ1(S,~vo)∧ is injective, which would imply
that U
g,n+~1
= U
g,n+~1
.
3Explicit presentations of the Lie algebras of the Ug,n+~1 are known for all n ≥ 0 when g 6= 2
[12, 15, 20]; partial presentations (e.g., generating sets) are known when g = 2, [33]. Presentations
of the Ud
g,n+~1
can be deduced easily from these.
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Conjecture 1.1. The inclusion Ûd
g,n+~1
→ KRVd
g,n+~1
is an isomorphism if and only
if the inclusion of π1(MTM) into the Grothendieck–Teichmu¨ller group is an isomor-
phism. In this case, KRVd
g,n+~1
should be a split extension
1→ Udg,n+~1 → KRVdg,n+~1 → K → 1.
A few remarks about the approach and the structure of the paper. As when prov-
ing that the Goldman bracket is a morphism of MHS [17], the proof of Theorem 1
consists in:
(i) Finding a homological description of the cobracket δξ analogous to the
homological description of the Goldman bracket given by Kawazumi–Kuno
[24, §3]. This description gives a factorization of the cobracket.
(ii) Giving a de Rham description of the continuous dual of each map in this
factorization.
(iii) Proving that, for each quasi-complex structure on (S, P,~vo, ξo), each map
in this factorization of the dual cobracket is a morphism of MHS.
The homological description of the cobracket is established in Sections 4 and 5.
This description appears to be new. The de Rham descriptions of the factors of
the dual cobracket are given in Section 6. The proof of Theorem 1 is completed in
Section 7 where it is shown that each map in the factorization of the cobracket is
a morphism of MHS for each choice of a complex structure. The group Ûd
g,n+~1
is
defined and analyzed in Section 12, and Theorem 6 is proved in Section 13.
This paper is a continuation of [17]. We assume familiarity with the sections of
that paper on rational K(π, 1) spaces, iterated integrals, and Hodge theory.
Acknowledgments: I would like to thank Anton Alekseev, Nariya Kawazumi, Yusuke
Kuno and Florian Naef for patiently answering my numerous questions about their
work. I am also grateful to Quentin Gendron for pointing out an issue with the ex-
istence of algebraic framings which necessitated the introduction of quasi-algebraic
framings.
2. Notation and Conventions
Suppose that X is a topological space. There are two conventions for multiplying
paths. We use the topologist’s convention: The product αβ of two paths α, β :
[0, 1] → X is defined when α(1) = β(0). The product path traverses α first, then
β. We will denote the set of homotopy classes of paths from x to y in X by
π(X ;x, y). In particular, π1(X, x) = π(X ;x, x). The fundamental groupoid of X
is the category whose objects are x ∈ X and where Hom(x, y) = π(X ;x, y).
As in [17], we have attempted to denote complex algebraic and analytic varieties
by the roman letters X , Y , etc and arbitrary smooth manifolds (and differentiable
spaces) by the lettersM , N , etc. This is not always possible. The diagonal in T×T
will be denoted ∆T .
The singular homology of a smooth manifold M will be computed using the
complex C•(M) of smooth singular chains. The complex C
•(M) will denote its
dual, the complex of smooth singular cochains. The de Rham complex ofM will be
denoted by E•(M). The integration map E•(M)→ C•(M ;R) is thus a well-defined
cochain map.
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2.1. Local systems and connections. Here we regard a local system on a man-
ifold N as a locally constant sheaf. We will denote the complex of differential
forms on N with values in a local system V of real (or rational) vector spaces by
E•(N ;V ). As in [17], we denote the flat vector bundle associated to V by V and
the sheaf of j-forms on N with values in V by E jN ⊗ V . So Ej(N,V ) is just the
space of global sections of E jN ⊗ V . There are therefore isomorphisms
H•(E•(N ;V )) ∼= H•(N ;V )
The pullback of a local system V over Y × Y along the interchange map τ :
Y 2 → Y 2 will be denoted by V op.
2.2. Cones. Several homological constructions will use cones. Since signs are im-
portant, we fix our conventions. The cone of a map φ : A• → B• of chain complexes
is defined by
C•(φ) := cone(A• → B•)[−1],
where Cj(φ) = Bj ⊕Aj−1 with differential ∂(b, a) = (∂b− φ(a),−∂a). The cone of
a map ψ : B• → A• of cochain complexes is defined by
C•(ψ) := cone(B• → A•)[−1],
where Cj(ψ) := Bj ⊕Aj−1 with differential d(β, α) = (dβ,−dα−ψ∗β). Pairings of
complexes
〈 , 〉A : A• ⊗A• → V and 〈 , 〉B : B• ⊗B• → V
induce the pairing
〈 , 〉 : C•(ψ)⊗ C•(φ)→ V
defined by (β, α) ⊗ (b, a) 7→ 〈α, a〉A + 〈β, b〉B. It satisfies 〈dz, c〉 = 〈z, ∂c〉 and thus
induces a pairing
〈 , 〉 : H•(C•(ψ))⊗H•(C•(φ))→ V.
3. Preliminaries
We recall and elaborate on notation from [17]. Fix a ring k. Typically, this will
be Z, Q, R or C. Suppose that M is a smooth manifold, possibly with boundary.
All paths [0, 1]→M will be piecewise smooth unless otherwise noted. Denote the
space of paths γ : [0, 1] → M by PM . This is endowed with the compact open
topology. For each t ∈ [0, 1], one has the map
pt : PM →M
defined by pt(γ) = γ(t). It is a (Hurewicz) fibration.
3.1. Fibrations. The most fundamental path fibration is the map
(3.1) p0 × p1 : PM →M ×M.
Its fiber over (x0, x1) is the space Px0,x1M of paths in M from x0 to x1. When
x0 = x1 = x, the fiber is the space ΛxM of loops inM based at x. The local system
whose fiber over (x0, x1) is H0(Px0,x1M ; k) will be denoted by PM .
More generally, for (t1, . . . , tn) ∈ [0, 1]n with 0 < t1 ≤ t2 ≤ · · · ≤ tn < 1, one has
the fibration
n∏
j=1
ptj : PM →Mn
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whose fiber over (x1, . . . , xn) is
P ,x1M × Px1,x2M × · · · × Pxn−1,xnM × Pxn, M.
Here P ,xM denotes the space of paths terminating at x ∈ M and Px, M denotes
the space of paths emanating from x. Since Px, M and P ,xM are contractible,
the fiber of the corresponding local system over Mn is
π∗1,2PM ⊗ π∗2,3PM ⊗ · · · ⊗ πn−1,nPM ,
where πj,k :M
n →M ×M denotes the projection onto the product of the jth and
kth factors.
The “pullback path fibration” obtained by pulling back (3.1) along a smooth
map f : N →M ×M will be denoted by PfM → N . When f is the diagonal map
M →M ×M , the pullback is the fibration
p : ΛM →M
of the free loop space of M overM . Its fiber over x ∈M is the space ΛxM of loops
in M based at x. The corresponding local system will be denoted by LM . It has
fiber H0(ΛxM ; k) over x ∈M .
3.2. Homology. The following result follows easily from the fact that a non-
compact surface is aK(π, 1) and has cohomological dimension 1. Cf. [17, Prop. 3.5].
Proposition 3.1. If M is a surface and if M is not closed, then Hj(ΛM) vanishes
(with all coefficients) for all j > 1. 
4. Factoring Loops
In this section M is a smooth manifold and k is any commutative ring. Recall
from [17, §3.3] the construction of the Chas–Sullivan map
βCS : H0(ΛM)→ H1(M ;LM ).
It is induced by the map that takes a loop α : S1 → M to the horizontal lift
αˆ : S1 → LM of α defined by αˆ(θ)(φ) = α(φ+θ). We now describe a generalization
of the Chas–Sullivan map. It arises from the factorization of a loop into two arcs.
The evaluation map
(4.1) p0 × p1/2 : ΛM →M ×M
is a fibration. Its fiber over (x, y) is Px,yM × Py,xM . The corresponding local
system over M ×M is
PM ⊗ P opM
where V op denotes the pullback of the local system V on M ×M along the map
(x, y) 7→ (y, x). The restriction of PM⊗P opM to the diagonal ∆M ∼=M , is LM⊗LM .
Composing βCS with the maps induced on homology by the two maps LM →
LM ⊗LM defined by
α 7→ α⊗ 1 and α 7→ 1⊗ α,
where 1 denotes the horizontal section of LM whose value at x is 1x, gives two
maps
βCS ⊗ 1 and 1⊗ βCS : H0(ΛM) −→ H1(M ;LM ⊗LM ).
Composing these with the diagonal map
∆∗ : H1(M ;LM ⊗LM ) −→ H1(M2;PM ⊗ P opM )
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yields two maps
∆∗(βCS ⊗ 1) and ∆∗(1⊗ βCS) : H0(ΛM) −→ H1(M2;PM ⊗ P opM ).
Proposition 4.1. These two maps are identical.
Proof. Each loop α : S1 →M induces a map α2 : S1 × S1 →M ×M . This lifts to
a horizontal section sα of PM ⊗P opM defined over (S1×S1)−∆S1 . It is defined by
sα(θ, φ) = α
′ ⊗ α′′,
where α′ is the restriction of α to the positively oriented arc in S1 from θ to φ and
α′′ is its restriction to the arc from φ to θ. This lift does not extend continuously
to S1 × S1, except when α is null homotopic.
To extend the lift, we replace S1 × S1 by U := [0, 2π]⊗ S1. The map
(4.2) U → S1 × S1, (t, φ) 7→ (t+ φ, φ)
is a quotient map that takes the boundary of U onto the diagonal ∆S1 . It induces
a homeomorphism (0, 2π)× S1 ≈ (S1 × S1) −∆ and identifies (0, φ) with (2π, φ).
The horizontal lift sα : (S
1 × S1)−∆S1 → PM ⊗P opM of α2 extends uniquely to a
horizontal lift
U → PM ⊗ P opM
which we will also denote by sα. The boundary of U is {2π}× S1 −{0}× S1. The
result follows from the fact that ∂sα = 1⊗ αˆ− αˆ⊗ 1. 
5. A Homological Description of the Turaev Cobracket
Throughout this section, M will be a smooth oriented surface, possibly with
boundary, and k is arbitrary. Denote space of non-zero tangent vectors of M by
M̂ and the projection by π : M̂ → M . Denote the composition of the projection
π : M̂ →M with the diagonal map ∆ :M →M ×M by ∆.
5.1. The group H•(M
2, M̂ ;L
M̂
→ PM ⊗ P opM ). The homological description of
the Turaev cobracket uses a cone construction that arises from the computations
in the proof of Proposition 4.1. Define
(5.1) ι : L
M̂
→ ∆∗(PM ⊗ P opM)
to be the map whose restriction to the fiber L
M̂,v
over v is defined by
ι(α) = 1x ⊗ (π ◦ α)− (π ◦ α)⊗ 1x ∈ H0(Px,xM)⊗H0(Px,xM),
where α ∈ ΛvM̂ and x = π(v).
The maps ∆ and ι induce a chain map
∆∗ ⊗ ι : C•(M̂ ;LM̂ )→ C•(M ;PM ⊗ P opM )
of singular chain complexes. We can therefore form the cone
C•(∆∗ ⊗ ι) := cone
(
C•(M̂ ;LM̂ )→ C•(M ;PM ⊗ P opM )
)
[−1]
Set
H•(M
2, M̂ ;L
M̂
→ PM ⊗ P opM ) := H•(C•(∆∗ ⊗ ι))
For each α ∈ ΛM̂ we have the 2-cycle (sπ◦α, αˆ) ∈ C2(M̂ ; ∆∗ ⊗ ι), where
sπ◦α : U → PM ⊗ P opM
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is the section associated to the loop π ◦ α ∈ ΛM that is defined in the proof of
Proposition 4.1.
Proposition 5.1. The map that takes the class of a loop α ∈ ΛM̂ to the class of
the cycle (sπ◦α, αˆ) ∈ C•(∆∗ ⊗ ι) defines a homomorphism
(5.2) ϕ : H0(ΛM̂)→ H2(M2, M̂ ;LM̂ → PM ⊗ P opM )
whose composition with the map H2
(
M2, M̂ ;L
M̂
→ PM ⊗ P opM
)→ H1(M̂ ;LM̂ ) is
the Chas–Sullivan map βCS for M̂ .
Remark 5.2. If M is not S2, then M is a K(π, 1). In this case, after applying the
Serre spectral sequence to the fibration (4.1), one sees that
H2(M ×M ;PM ⊗ P opM ) ∼= H2(ΛM).
This vanishes when M is not a closed surface by Proposition 3.1. Plugging this
into the long exact sequence of the cone C•(∆∗ ⊗ ι), we obtain the commutative
diagram
H0(ΛM̂)
ϕ

βCS
))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
0 // H2(M2, M̂ ;LM̂ → PM ⊗ P opM ) // // H1(ΛM̂)
ψ // H1(ΛM) // · · ·
whose bottom row is exact for all non-closed surfaces. For future reference , we
note that the existence of the lift ϕ implies that ψ ◦ βCS = 0. 
5.2. The groups H•∆(M
2, N). Denote the singular cochain complex of a pair
(Y, Z) with coefficients in k by C•(Y, Z). For a continuous map h : T → M2,
define
C•∆(M
2, T ) := cone
(
C•(M2,M2 −∆M ) h
∗
−→ C•(T ))[−1]
where j : M2 − ∆M → M2 is the inclusion. Denote its cohomology groups by
H•∆(M
2, T ). They can also be computed by the complex
cone
(
C•(M2)
j∗⊕h∗−→ C•(M2 −∆M )⊕ C•(T )
)
[−1].
Lemma 5.3. There is a long exact sequence
· · · // Hj−1(T ) // Hj∆(M2, T ) // Hj∆(M2) // Hj(T ) // · · · .
Proof. The long exact sequence comes from the short exact sequence
0 // C•(T )[−1] // C•∆(M2, T ) // C•∆(M2) // 0
of complexes. 
We are interested in the 3 cases: T is empty; T = ∆M and h is the inclusion;
T = M̂ and h is the composition of the projection π with the diagonal map. When
T is empty, the Thom isomorphism gives an isomorphism Hj(M) ∼= Hj+2∆ (M2).
We’ll consider the case T = M̂ in the next section. Here we consider the case
T = ∆M .
We will suppose that ξ is a nowhere vanishing vector field on M . The normal
bundle of the diagonal ∆M in M
2 is isomorphic to the tangent bundle TM of M .
The exponential map induces a diffeomorphism of a closed disk bundle in TM with
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a regular neighbourhood N of ∆M in M
2. By rescalling ξ, we may assume that
exp ξ is mapped into ∂N . We will henceforth regard ξ as the section exp ξ of ∂N .
Denote the closed unit ball in R2 by B. We can choose a trivialization
π × q : V ≃−→ ∆M ×B
such that q ◦ ξ : M → B − {0} is null homotopic. This condition determines the
homotopy class of the trivialization.
The inclusion (N, ∂N) →֒ (M2,M2 −∆M ) induces an isomorphism
H•∆(M
2,∆M )
≃−→ H•(N,∆M ∪ ∂N).
The Ku¨nneth Theorem implies that q∗ : H2(B, ∂B) → H2(N, ∂N) is an isomor-
phism.
Proposition 5.4. There is a short exact sequence
0→ H1(∆M )→ H2(N,∆M ∪ ∂N)→ H2(N, ∂N)→ 0.
Proof. This is part of the long exact sequence of the triple (N,∆M ∪ ∂N). Ex-
actness on the left follows from the Ku¨nneth Theorem (or the Thom Isomorphism
Theorem); exactness on the right follows as ∆M →֒ N q−→ B is the constant map
0. 
The projection q : N → B induces an isomorphism
q∗ : H2(B, ∂B) ∼= H2(B, {0} ∪ ∂B)→ H2(N,∆M ∪ ∂N).
This map depends on the homotopy class of the trivialization ξ. Denote the positive
integral generator of H2(B, ∂B) by τB . Define
τξ := q
∗τB ∈ H2(N,∆M ∪ ∂N).
The image of τξ in H
2(N, ∂N) is the Thom class τM of the tangent bundle of M .
To better understand τξ, suppose that γ : S
1 → ∂N ∼= ∆M × ∂B. Define the
rotation number rotξ(γ) of γ with respect to ξ to be the rotation number of q ◦ γ
about 0 ∈ B. Let Γγ to be the relative 2-cycle
Γγ : (I × S1, ∂I × S2)→ (N,∆M ∪ ∂N)
that corresponds to the map
(I × S1, ∂I × S1)→ (B, ∂B), (t, θ) 7→ tγ(θ).
Give I × S1 has the product orientation.
Lemma 5.5. We have 〈q∗τB ,Γγ〉 = rotξ(γ).
Proof. Write τB = dηB in C
2(B). Observe that rotξ(γ) = 〈ηB, γ〉. Since ∂Γγ =
γ − c0, where c0 denotes the constant map S1 → B with value 0,
〈q∗τB ,Γγ〉 = 〈τB , q∗Γγ〉 = 〈dηB, q∗Γγ〉 = 〈ηB , q∗∂Γγ〉 = 〈ηB , γ〉 = rotξ(γ).

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5.3. The class cξ. In this section, we show that each non-vanishing vector field
ξ determines a class cξ ∈ H2∆(M2, M̂). Pairing with this class corresponds to
intersecting with the diagonal and is a key component of the homological description
of δξ.
Lemma 5.6. Each section ξ of M̂ →M determines a class fξ ∈ H1(M̂ ;Z) whose
pullback ξ∗fξ to M vanishes and whose restriction to each fiber M̂x is the positive
integral generator of H1(M̂x;Z). It is characterized by these properties.
Proof. This follows from the Ku¨nneth Theorem and the fact the section ξ deter-
mines a trivialization r : M̂
≃−→ M × (R2 − {0}) with r ◦ ξ constant. It is unique
up to homotopy. Take fξ to be the pullback of the positive generator of H
1(S1;Z)
under the projection M̂
≃−→M × (R2 − {0})→ R2 − {0} → S1. 
Lemma 5.7. When M̂ →M is a trivial bundle, there is a short exact sequence
0 // H1(M̂) // H2∆(M
2, M̂) // H2∆(M
2) // 0 .
Each framing ξ of M induces a natural splitting sξ : H
2
∆(M
2)→ H2∆(M2, M̂) which
depends only on the homotopy class of ξ.
Proof. This is part of the long exact sequence in Lemma 5.3. Exactness of the
sequence follows from the Thom isomorphismHj(∆M ) ∼= Hj+2∆ (M2), which implies
that H1∆(M
2) = 0. The triviality of the tangent bundle of M implies that the
normal bundle of the diagonal in M2 is trivial, which gives the exactness on the
right.
Since H2∆(M
2) is freely generated by the Thom class τM of M , to construct the
lift, it suffices to lift τM to H
2
∆(M
2, M̂). To do this, note that π : M̂ → ∆M induces
a map
π∗ : H2∆(M
2,∆M )→ H2∆(M2, M̂)
and recall that H2∆(M
2,∆M ) ∼= H2(N,∆M ∪ ∂N). Define sξ(τM ) = π∗τξ. 
Definition 5.8. Define cξ := π
∗τξ + fξ ∈ H1∆(M2, M̂), where fξ ∈ H2(M̂) is
identified with its image in H2∆(M
2, M̂).
5.4. The pairing. Here we define a pairing and compute the pairing of cξ and sα
whose value is close to being the value δξ(α) of the cobracket .
Proposition 5.9. There is a well-defined pairing
〈 , 〉 : H2(M2, M̂ ;LM̂ → PM ⊗ P opM )⊗H2∆(M2, M̂)→ H0(M ;LM ⊗LM ).
Proof. We continue with the notation above. Let U = N − ∂N . Let r : U → ∆M
be a retraction. Let U = {M2 − ∆M , U}. It is an open cover of M2. We can
compute the product using U-small chains CU• and cochains C•U via the pairing
cone
(
C•(M̂ ;LM̂ )→ C
U
•
(M2;PM ⊗ P
op
M )
)
[−1]⊗ cone
(
C•
U
(M2,M2 −∆M)→ C
•(M̂)
)
[−1]
→ C•(U ;PM ⊗ P
op
M )
defined by (s, u)⊗ (ζ, η) 7→ 〈ζ, s〉+ 〈η, u〉. It takes values in H0(U, (PM ⊗P opM )|U ).
This group is naturally isomorphic to H0(M ;LM ⊗ LM ) as the homotopy equiva-
lence r : U →M induces a natural isomorphism r∗(LM⊗LM ) ∼= (PM⊗P opM )|U . 
Recall from the introduction (or the next proof) the notation for ǫP , α
′
P and α
′′
P .
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Lemma 5.10. If α : S1 → M is an immersed circle with transverse self intersec-
tions, then
〈τξ, sα〉 = rotξ(α)
(
α⊗ 1− 1⊗ α)−∑
P
ǫP (α
′
P ⊗ α′′P − α′′P ⊗ α′P )
where P ranges over the double points of α.
Proof. We use the notation of Section 5.2. Since the map α2 : S1×S1 →M2 maps
the diagonal ∆S1 in S
1 × S1 to the diagonal in M2, α2 cannot be transverse to
∆M . However, by shrinking N if necessary, we may assume that α is transverse to
∂Nr for all 0 < r ≤ 1, where Nr denotes disk sub-bundle of N of radius r, where
N = N1. In this case, the inverse image of N under α
2 is a disjoint union
Γ ∪˙
∐
(θ,φ)
Uθ,φ
where Γ is a neighbourhood of ∆S1 diffeomorphic to [−1, 1]×S1, and where Uθ,φ is
a disk about the point (θ, φ) ∈ (S1×S1)−∆S1 that corresponds to a double point
of α.
Each double point P of α determines a pair of points (θ, φ) and (φ, θ) in S1×S1−
∆S1 , where α(θ) = α(φ) = P . As in the introduction, α
′
P denotes the restriction
of α to the positively oriented arc in S1 from θ to φ, and α′′P denotes its restriction
to the arc from φ to θ. Denote the initial tangent vectors of α′P and α
′′
P by ~v
′ and
~v′′. The intersection number ǫP is defined by
~v′ ∧~v′′ ∈ ǫP × (a positive number)× (the orientation of M at P ).
An elementary computation shows that the intersection number of α2 : S1 × S1 →
M2 with ∆M at (θ, φ) is −ǫP , and is ǫP at (φ, θ). Consequently,
〈τξ, Z ′〉 = −ǫP and 〈τξ, Z ′′〉 = ǫP
where U ′ (resp. U ′′) denotes Uθ,φ (resp. Uφ,θ) and Z
′ (resp. Z ′′) is the positive
generator of H2(U
′, ∂U ′;Z) (resp. H2(U
′′, ∂U ′′;Z)).
The contribution of the double point P to 〈τξ, sα〉 is thus
(5.3) 〈τξ, Z ′〉α′P ⊗ α′′P + 〈τξ, Z ′′〉α′′P ⊗ α′P = −ǫP (α′P ⊗ α′′P − α′′P ⊗ α′P ).
It remains to compute the contribution of the strip Γ to 〈τξ, sα〉. The derivative
α˙ :M → TM of α corresponds to a section of the circle bundle ∂N → ∆M , unique
up to homotopy. By the construction preceding Lemma 5.5, this determines a
relative chain Γα˙ in (N,∆M ∪ ∂N).
The inverse image of Γ in [0, 1]×S1 under the map (4.2) is the disjoint union of
two strips, Γ0, a regular neighbourhood of 0×S1, and Γ2π , a regular neighbourhood
of 2π × S1.
Give Γ0 and Γ2π the orientation induced from S
1 × S1. Then, as classes in
H2(N,∆M ∪ ∂N), we have
[Γ0] = [Γα˙] and [Γ2π] = −[Γα˙].
As observed in the proof of Proposition 4.1, the restriction of sα to Γ2π is homotopic
to 1⊗ α, and to Γ0 is homotopic to α⊗ 1.
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Lemma 5.5 now implies that the contribution to 〈τξ, sα〉 from Γ is
(5.4) 〈τξ,Γ〉 = 〈τξ,Γ2π〉 1⊗ α+ 〈τξ,Γ0〉α⊗ 1 = −〈τξ,Γα˙〉 1⊗ α+ 〈τξ,Γα˙〉α⊗ 1
= rotξ(α)
(
α⊗ 1− 1⊗ α).
The result follows by adding the contribution of the strip (5.4) to the sum of the
contributions (5.3) of the double points P . 
Remark 5.11. By an elementary case of a theorem of Hirsch [21] (that goes back
to Whitney [34]), regular homotopy classes of immersed loops in M correspond to
homotopy classes of loops in M̂ . As shown in [25], the expression for 〈τξ, sα〉 in
Lemma 5.10 is constant on regular homotopy classes of immersed circles in M and
thus defines a map
H0(ΛM̂)→ H0(ΛM)⊗H0(ΛM).
5.5. A homological description of δξ. We can now give a homological descrip-
tion of the Turaev cobracket. Recall that, when V is a local system over M , then
H0(M ;V ) is the maximal trivial quotient of V . Applying this when V = LM⊗LM ,
we see that there is a canonical map
H0(M ;LM ⊗LM )→ H0(M ;LM )⊗H0(M ;LM ) ∼= H0(ΛM)⊗H0(ΛM).
For a section ξ of M̂ →M , define
pξ : H2(M
2, M̂ ;L
M̂
→ PM ⊗ P opM )→ H0(M ;LM )⊗H0(M ;LM ) ∼= H0(ΛM)⊗2
to be the composite
H2(M
2, M̂ ;L
M̂
→ PM ⊗ P opM )
〈 ,cξ〉// H0(M ;LM ⊗LM ) // H0(ΛM)⊗H0(ΛM).
Each section ξ : M → M̂ of π induces a map Λξ : ΛM → ΛM̂ and thus a
homomorphism
(Λξ)∗ : H0(ΛM)→ H0(ΛM̂).
It is injective as its composition with (Λπ)∗ is the identity. The image of a free
homotopy class of f : S1 → M corresponds to the regular homotopy class of an
immersed circle α with rotξ(α) = 0 that is freely homotopic to f .
The following factorization of δξ follows directly from Lemma 5.10.
Theorem 5.12. If ξ is a section of π : M̂ →M , then the diagram
H0(ΛM)
(Λξ)∗ //
δξ ++❳❳❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳❳
❳
H0(ΛM̂)
ϕ // H2(M2, M̂ ;LM̂ → PM ⊗ P opM )
−pξ

H0(ΛM)⊗H0(ΛM)
commutes.
6. De Rham Aspects
In this section, in preparation for applying the machinery of Hodge theory in
Section 7, we construct de Rham versions of the continuous duals of the maps used
in the homological description of the Turaev cobracket given in Section 5.
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6.1. Preliminaries. Suppose that N is a smooth manifold with finite first Betti
number and that k is a field of characteristic zero. We are especially interested in
the case where N is a rational K(π, 1) space.
Recall from [17, §7] that H0(Px0,x1N ; k) and H0(ΛM ; k) have natural topologies
and that their continuous duals are denoted
Hˇ0(Px0,x1N ; k) := Hom
cts
k (H0(Px0,x1N), k)
and
Hˇ0(ΛN ; k) := Homctsk (H0(ΛN), k).
Recall from [17, §8] that LˇN denotes the continuous dual of the local system LN .
There is a natural isomorphism [17, Thm. 6.9].
Hˇ0(ΛN ; k) ∼= H0(N ; LˇN).
Denote the local system over N ×N whose fiber over (x0, x1) is Hˇ0(Px0,x1N ; k)
by PˇN and its pullback along the interchange map N
2 → N2 by Pˇ opN .
Lemma 6.1. Let p : N × N → N be projection onto the first factor. If N is a
rational K(π, 1), then there is a natural isomorphism of locally constant sheaves
Rkp∗(PˇN ⊗ Pˇ opN ) ∼=
{
LˇN k = 0,
0 k 6= 0
over N .
Proof. This follows directly from [17, Cor. 9.2]. 
Corollary 6.2. If N is a rational K(π, 1), then there is a natural isomorphism
Hj(N2; PˇN ⊗ Pˇ opN ) ∼= Hj(N ; LˇN ).
Proof. Apply the Leray spectral sequence of the projection p : N × N → N . The
previous result and the fact that N is a rational K(π, 1) imply that
Ej,k2
∼=
{
Hj(N ; LˇN ) k = 0,
0 k > 0
so that the spectral sequence collapses at E2. 
6.1.1. Differential forms. Now k will be R or C. We regard a local system on N
as a locally constant sheaf. We will denote the complex of differential forms on N
with values in a local system V of real (or rational) vector spaces by E•(N ;V ).
In [17], we denoted the flat vector bundle associated to V by V and the sheaf of
j-forms on N with values in V by E jN ⊗V . So Ej(N,V ) is just the space of global
sections of E jN ⊗ V . There are therefore isomorphisms
H•(E•(N ;V )) ∼= H•(N ;V )
To connect with [17], we point out that the flat vector bundle associated to LˇN is
denoted by LN , and the flat vector bundle associated to PˇN by PN .
6.2. Continuous DR duals. In this section, M is an oriented surface of non-
positive Euler characteristic and π : M̂ → M is the bundle of non-zero tangent
vectors of M . Both M and M̂ are rational K(π, 1) spaces.4
4For M this is proved in [17, §5.1]. That M̂ is also a rational K(π, 1) follows from this using
the fact that an oriented circle bundle over a rational K(π, 1) is a rational K(π, 1).
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6.2.1. The continuous dual of H•(M
2, M̂ ;L
M̂
→ PM ⊗ P opM ). As in Section 5, we
denote the composition of the projection π with the diagonal map M →M2 by ∆.
There is a natural restriction mapping
ι∗ : ∆
∗
(PˇM ⊗ Pˇ opM )→ LˇM̂
dual to the map (5.1). Its restriction
Hˇ0(ΛxM)⊗ Hˇ0(ΛxM)→ Hˇ0(ΛvM̂)
to the fiber over v ∈ M̂ , where x = π(v), is
f ⊗ g 7→ (π∗f)⊗ g(1x)− f(1x)⊗ (π∗g).
Since PˇM and LM̂ are local systems of algebras, ∆ and ι induce a DGA homo-
morphism
∆
∗ ⊗ ι∗ : E•(M2; PˇM ⊗ Pˇ opM )→ E•(M̂, LˇM̂ ).
Define
E•(M2, M̂ ; PˇM⊗Pˇ opM → LˇM̂ ) := cone
(
E•(M2; PˇM⊗Pˇ opM ) ∆
∗
⊗ι∗−→ E•(M̂, Lˇ
M̂
)
)
[−1].
Denote its cohomology groups by
H•(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ ).
Proposition 6.3. If M is not a closed surface, then there is an exact sequence
(6.1) · · · → H1(M, LˇM ) ψˆ→ H1(M̂ ; LˇM̂ )→ H2(M2, M̂ ; PˇM ⊗ Pˇ
op
M → LˇM̂ )→ 0.
where ψˆ is dual to the connecting homomorphism ψ in Remark 5.2.
Proof. The cohomology long exact sequence of the cone is
· · · → H1(M2; PˇM ⊗ Pˇ opM )→ H1(M̂ ; LˇM̂ )
→ H2(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ )→ H2(M2; PˇM ⊗ Pˇ
op
M )→ · · ·
Since M is not closed, it is homotopy equivalent to a wedge of circles and therefore
a rational K(π, 1) of cohomological dimension 1. In particular, H2(M2; PˇM ⊗
Pˇ
op
M ) vanishes. Finally, Corollary 6.2 gives an isomorphism H
1(M2; PˇM ⊗ Pˇ opM ) ∼=
H1(M ; LˇM ). 
The cohomology of this cone is dual to the homology of the cone defined in
Section 5.
Proposition 6.4. The pairing
〈 , 〉 : E•(M2, M̂ ; PˇM ⊗ Pˇ opM )⊗ C•(∆∗ ⊗ ι)→ k
〈(ω, ξ), (s, u)〉 =
∫
s
ω +
∫
u
ξ
defined using integration and the pairings
PˇM ⊗ PM → k and LˇM̂ ⊗LM̂ → k
respects the differentials and thus induces a pairing
〈 , 〉 : H•(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ )⊗H•
(
M2, M̂ ;L
M̂
→ PM ⊗ P opM
)→ k. 
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6.2.2. The continuous dual of ϕ. Recall [17, Prop. 8.1] that there is a map
βˆCS : H
1(M̂ ; Lˇ
M̂
)→ Hˇ0(M̂).
dual to the dual Chas–Sullivan map
βCS : H0(ΛM̂)→ H1(M̂,LM̂ ).
Proposition 6.5. There is a (necessarily unique) map
ϕˆ : H2(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ )→ Hˇ0(ΛM̂)
that makes the diagram
Hˇ0(ΛM̂)
H1(M̂ ; Lˇ
M̂
) //
βˆCS
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
H2(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ ) //
ϕˆ
OO
0
commute. It is defined over k = Q and is dual to the map ϕ (5.2) in the sense that
〈Ω, ϕ(z)〉 = 〈ϕˆ(Ω), z〉
whenever z ∈ H0(ΛM̂) and Ω ∈ H2(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ ).
Proof. Since (6.1) is exact, it suffices to show that
H1(M, LˇM )
ψˆ // H1(M̂ ; Lˇ
M̂
)
βˆCS // Hˇ(ΛM̂)
is zero, where ψˆ is the connecting homomorphism in the long exact sequence (6.1).
Since the diagram
H1(M ; LˇM )
ψˆ //

H1(M̂ ; Lˇ
M̂
)
βˆCS //

Hˇ0(ΛM̂)
 _

H1(M ;LM )
∗ ψ
∗
// H1(M̂ ;LM̂ )
∗
β∗CS // H0(ΛM̂)∗
commutes, where ( )∗ denotes Homk( , k), and since the right-hand vertical map is
injective, it suffices to show that ψ◦βCS = 0. But this follows from the commutative
diagram in Remark 5.2 as noted there. 
6.2.3. The cup product. The de Rham incarnation of the complex C•∆(M
2, M̂) de-
fined in Section 5.4 is
E•∆(M
2, M̂) := cone
(
E•(M2)→ E•(M2 −∆)⊕ E•(M̂))[−1].
De Rham’s Theorem and the 5-lemma imply that it computes H•∆(M
2, M̂ ; k).
Lemma 6.6. There is a well-defined product
(6.2) ⌣ : H0(M ; LˇM ⊗ LˇM )⊗H2∆(M2, M̂)→ H2(M2, M̂ ; PˇM ⊗ Pˇ
op
M → LˇM̂ ).
It is dual to the pairing
〈 , 〉 : H2(M2, M̂ ;LM̂ → PM ⊗ P opM )⊗H2∆(M2, M̂)→ H0(M ;LM ⊗LM ).
of Proposition 5.9 in the sense that〈
f ⌣ c, z
〉
=
〈
f, 〈z, c〉〉
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for all
f ∈ H0(M ; LˇM ⊗ LˇM ), c ∈ H2∆(M2, M̂), z ∈ H2(M2, M̂ ;LM̂ → PM ⊗ P opM ).
Proof. This result can be proved using differential forms or singular cochains. We
will use differential forms. The proof using singular cochains is similar.
Choose regular neighbourhoods U and V of the diagonal ∆ inM2, where V ⊂ U ,
V is closed and U is open. Since ∆ →֒ U is a homotopy equivalence, every flat
section of LˇM⊗LˇM over the diagonal extends uniquely to a flat section of PˇM⊗Pˇ opM
over U . It follows that restriction to the diagonal induces a quasi-isomorphism
E•(U ; PˇM ⊗ Pˇ opM )→ E•(M, LˇM ⊗ LˇM ).
Since the inclusion ∆→ V is a homotopy equivalence, the map
E•∆(M
2)→ E•V (M2) := cone
(
E•(M2)→ E•(M2 − V ))[−1]
is a quasi-isomorphism. Denote the complex of forms ofM2 that vanish onM2−V
by E•(M2,M2 − V ). The 5-lemma implies that the cochain map
E•(M2,M2 − V )→ E•V (M2)
that takes ω to [ω, 0] is a quasi-isomorphism. Together these imply that E•∆(M
2, M̂)
is quasi-isomorphic to the complex
cone
(
E•(M2,M2 − V )→ E•(M̂))[−1].
The cup product pairing (6.2) is induced by the map of complexes
E•(U, PˇM ⊗ Pˇ opM )⊗ cone
(
E•(M2,M2 − V )→ E•(M̂))[−1]
→ E•(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ )
defined by F ⊗ [ω, η] 7→ [F ∧ ω, (−1)|F |(π∗F ) ∧ η]. This is a chain map according
to the conventions in Section 2.2.
To prove the remaining assertion, suppose that z is represented by [s, u] in
C2(M
2, M̂ ;L
M̂
→ PM ⊗ P opM ), f is represented by F ∈ E0(U ; PˇM ⊗ Pˇ
op
M ), and c
is represented by [ω, η] ∈ cone (E•(M2,M2 − V ) → E•(M̂))[−1]. Then, f ⌣ c is
represented by [Fω, π∗F · η]. and
〈f ⌣ c, z〉 = 〈[Fω, π∗F · η], [s, u]〉 =
∫
s
Fω +
∫
u
Fη.
On the other hand, since F is locally constant,
〈f, 〈z, c〉〉 = 〈f〈[ω, η], [s, u]〉〉 = 〈F,
∫
s
ω +
∫
u
η〉 =
∫
s
Fω +
∫
u
Fη.

6.3. Factorization of the continuous dual of the Turaev cobracket. Define
δˇξ : Hˇ
0(ΛM)⊗ Hˇ0(ΛM)→ Hˇ0(ΛM)
so that the diagram
Hˇ0(ΛM)⊗2
≃ //
δˇξ

H0(M ; LˇM )⊗H0(M ; LˇM ) mult // H0(M ; LˇM ⊗ LˇM )
⌣cξ

Hˇ0(ΛM) Hˇ0(M̂ ; Lˇ
M̂
)
(Λξ)∗oo H2(M2, M̂ ; PˇM ⊗ Pˇ opM → LˇM̂ )
ϕˆoo
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commutes. The next result follows directly from Theorem 5.12 and the results in
Section 6.2.
Proposition 6.7. The map δˇξ is the continuous dual of δξ in the sense that
〈δˇξ(f ⊗ g), α〉 = 〈f ⊗ g, δξ(α)〉
for all f, g ∈ Hˇ0(ΛM) and α ∈ ΛM .
7. Proof of Theorem 1
In this section, k will be Q, R or C, as appropriate, and X will be a smooth
affine curve over C. Equivalently, X is the complement X −D of a finite subset D
of a compact Riemann surface X. Denote the holomorphic tangent bundle of X by
TX.
Definition 7.1. Suppose that m is a positive integer. An algebraic m-framing of
X is a meromorphic section of L⊗TX whose divisor is supported on D, where L is
a holomorphic line bundle over X whose mth power L⊗m is trivial. Equivalently,
ξ is the mth root of a meromorphic section of the mth power of the holomorphic
tangent bundle of X whose divisor is supported on D. A quasi-algebraic framing
of X is an algebraic m-framing for some m > 0. An algebraic framing of X is, by
definition, a 1-framing.
Since torsion line bundles on X, such as L, are topologically trivial, each quasi-
algebraic framing of X determines a homotopy class of smooth framings of X and a
cobracket δξ. In this section, we prove the following stronger version of Theorem 1.
Theorem 7.2. If ξ is a quasi-algebraic framing of X, then
δξ : Qλ(X)
∧ ⊗Q(−1)→ Qλ(X)∧ ⊗̂Qλ(X)∧
is a morphism of pro-mixed Hodge structures.
Throughout this section, m is a fixed positive integer, and ξ is an algebraic
m-framing of X . Its mth power ξm is a meromorphic section of (TX)⊗m. The
theorem is proved by showing that each group in the factorization of
δˇξ : Hˇ
0(ΛX)⊗ Hˇ0(ΛX)→ Hˇ0(ΛX)⊗Q(−1)
given in Section 6.3 has a mixed Hodge structure (MHS) and that each morphism
in the factorization is a morphism of MHS. The twist by Q(−1) occurs in the map
⌣ cξ. Note that the topological factorization of δξ in Section 5 implies that all of
the maps in the factorization of δˇξ in Section 6.3 are also defined over Q. So we
need only show that each preserves the Hodge and weight filtrations after extending
scalars to C.
For a positive integer d, denote the set of non-zero elements of (TX)⊗d by X̂d.
This is a smooth quasi-projective variety. The map TX → (TX)⊗d that takes
a tangent vector v to vd induces a covering map pd : X̂ → X̂d. Since X , X̂d
are smooth algebraic varieties, Hˇ0(ΛX̂d) and Hˇ
0(ΛX) have natural MHS by [17,
Cor. 10.7].
Lemma 7.3. For all d ≥ 1, the map (Λpd)∗ : Hˇ0(ΛX̂d;Q) → Hˇ0(ΛX̂ ;Q) is an
isomorphism of MHS.
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Proof. Since pd : X̂ → X̂d is a morphisms of varieties, (Λpm)∗ is a morphism of
MHS. So, to prove the result, it suffices to prove that it is an isomorphism of vector
spaces.
To this end, fix a smooth section ξo of X̂ → X . Then for all k ≥ 1, ξko is a
smooth section of X̂k → X . Since X̂k → X is a principal C∗-bundle with section
ξko , it is trivialized by the map
(7.1) φk : X × C∗ → X̂k, (x, t) 7→ tξo(x)k.
This trivialization induces an isomorphism
(Λφk)
∗ : Hˇ0(ΛX̂k;Q)→ Hˇ0(Λ(X × C∗)) ∼= Hˇ0(ΛX ;Q)⊗ Hˇ0(ΛC∗;Q)
as there is a canonical isomorphism Λ(A×B) ∼= ΛA× ΛB.
The d-fold covering map χd : C
∗ → C∗ induces an isomorphism Hˇ0(ΛC∗;Q)→
Hˇ0(ΛC∗;Q). Since the diagram
X × C∗ φ1 //
id×χd

X̂
pd

X × C∗ φd // X̂d
commutes, so does
Hˇ0(ΛX̂d;Q)
(Λpd)
∗

(Λφd)
∗
// Hˇ0(ΛX ;Q)⊗ Hˇ0(ΛC∗;Q)
id⊗χd

Hˇ0(ΛX̂;Q)
(Λφ1)
∗
// Hˇ0(ΛX ;Q)⊗ Hˇ0(ΛC∗;Q).
The result follows as the two horizontal maps and the right-hand vertical map are
isomorphisms. 
When m > 1, it is not immediately obvious that (Λξ)∗ is a morphism of MHS.
However, this is the case.
Corollary 7.4. The map (Λξ)∗ : Hˇ0(ΛX̂)→ Hˇ0(ΛX) is a morphism of MHS.
Proof. Regard ξ as a smooth section of X̂ → X . Since ξm is homotopic to pm ◦ ξ,
the diagram
Hˇ0(ΛX̂)
(Λξ)∗ //
(Λpm)
∗ ∼=

Hˇ0(ΛX ;Q)
Hˇ0(ΛX̂m)
(Λξm)∗ // Hˇ0(ΛX ;Q)
commutes. Since ξm is algebraic, the map (Λξm)∗ is a morphism of MHS. The
result follows as (Λpm)
∗ is an isomorphism of MHS by the previous result. 
Since the map LˇX → LˇX ⊗ LˇX is a direct limit of morphisms of admissible
variations of MHS over X , the Theorem of the Fixed Part (alternatively, by a
direct argument that uses the construction of these MHS) implies that
mult : H0(X, LˇX)
⊗2 → H0(X, Lˇ⊗2X )
is a morphism of MHS.
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To prove that the remaining groups have natural MHS and that the maps be-
tween them are morphisms, we need to recall the following standard fact about
cones of mixed Hodge complexes, which is implicit in [7].
Lemma 7.5. The cone C•(φ) of a morphism φ : B• → A• of mixed Hodge com-
plexes is a mixed Hodge complex, and the corresponding long exact sequence
· · · → Hj−1(A•)→ Hj(C•(φ))→ Hj(B•)→ Hj(A•)→ · · ·
is a long exact of MHS. 
Proposition 7.6. Each group in the diagram
Hˇ0(ΛX̂)
H1(X̂; LˇX̂)
//
βˆCS
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
H2(X2, X̂; PˇX ⊗ Pˇ opX → LˇX̂) //
ϕˆ
OO
0
has a natural MHS, and each map is a morphism of MHS.
Proof. The work of Saito [29] implies that if V is an admissible variation of MHS
over the complement of a divisor W with normal crossings in a smooth variety
Z, then the complex E•(Z logW ;V ) of smooth forms on Z with values in the
canonical extension of V to Z and log poles along W is part of a mixed Hodge
complex and is naturally quasi-isomorphic to E•(Z − W ;V ). In particular, it
computes H•(Z −W ;V )⊗ C, together with its Hodge and weight filtrations.
The compactification P = P(TX ⊕ OX̂) of the tangent bundle TX of X is a
compactification of X̂ whose complement W is a divisor with normal crossings.
The cone
cone
(
E•(X
2
, log((X ×D) ∪ (D ×X)); PˇX ⊗ Pˇ opX ), E•(P logW ;LX̂)
)
[−1]
is quasi-isomorphic to E•(X2, X̂; PˇX ⊗ Pˇ opX → LˇX̂). Lemma 7.5 implies that it
is the complex part of a mixed Hodge complex and that the bottom row of the
diagram is an exact sequence of MHS.
The map βˆCS is morphism of MHS by Lemma [17, Lem. 11.1]. The fact that the
category of MHS is abelian implies that ϕˆ is a morphism of MHS. 
Proposition 7.7. The group H•∆(X
2, X̂) has a natural mixed Hodge structure and
cξ is a Hodge class of type (1, 1).
Proof. Let Y be the blow up X ×X at ∆D. Then X2 −∆ is the complement of a
normal crossing divisor E in Y . Write E = E′ +∆X . The restriction of E
′ to the
diagonal ∆X is ∆D.
Let Z be the normal crossings compactification of X̂ constructed in the proof
of Proposition 7.6. The commutative diagram of morphisms of complex algebraic
maps
X̂
π // X
∆ // X2 X2 −∆Xoo
Z −W // X −D // Y − E′ Y − Eoo
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induces a commutative diagram
E•(Y logE)

E•(Y logE′)oo //

E•(X logD) //

E•(Z logW )

E•(X2 −∆X) E•(X2)oo ∆
∗
// E•(X)
π∗ // E•(X̂)
of DGAs in which each vertical map is a quasi-morphism. Each DGA in this
diagram is the complex part of the natural mixed Hodge complex associated to the
corresponding variety. The Five Lemma implies that the complex E•∆(X
2, X) is
naturally quasi-isomorphic to
(7.2) cone
(
E•(Y logE′)→ E•(Y logE)⊕ E•(Z logW ))[−1]
Lemma 7.5 implies that it is the complex part of a mixed Hodge complex. It follows
that H•∆(X, X̂) has a natural MHS and that the exact sequence of Lemma 5.7
0→ H1(X̂)→ H2∆(X2, X̂)→ H2∆(X2)→ 0
is an exact sequence of mixed Hodge structures.
It remains to show that cξ is a Hodge class that spans a copy of Q(−1). Recall the
notation and the construction of cξ from Section 5.3. In particular, cξ = π
∗τξ + fξ.
The topological constructions in that section imply that π∗τξ and fξ are both
defined over Q. We first show that fξ is a Hodge class.
Let rm : X̂m → C∗ be the composite
X̂
pm // X̂m // C∗
where the second map is the composition of the inverse of the isomorphism φm
(7.1) with the projection X × C∗ → C∗ given by ξm. Since ξm is algebraic, this is
a morphism of varieties and thus induces a morphism of MHS on cohomology. The
map r used in Lemma 5.6 in the construction of fξ is the topological mth root of
rm. Since r
∗
mdt/t = mr
∗dt/t, we have
2πifξ = r
∗ dt
t
=
1
m
r∗m
dt
t
∈ H1(X̂;Q) ⊂ H2∆(X2, X̂)
which spans a copy of Q(−1) as H1(C∗;Q) ∼= Q(−1). Thus fξ is a Hodge class.
Since cξ is defined over Q, to prove that it is a Hodge class, it suffices to show that
it is a real Hodge class. To do this, we use the fact that the MHS on H•∆(X
2,∆X)
depends only on X and the normal bundle of ∆X in X
2, which is just the (holomor-
phic) tangent bundle TX of X . This follows from the construction of a (real) mixed
Hodge complex for the punctured neighbourhood of one variety in another that was
constructed in [8]. That construction implies that the natural isomorphism
H•X(TX,X)
∼= H•∆(X2,∆X)
that is constructed using topology, is an isomorphism of real MHS. There is also a
natural isomorphism
p∗d : H
•
X((TX)
⊗d, X)
≃−→ H•X(TX,X)
of MHS for all d ≥ 1, where H•X((TX)⊗d, X) is defined to be the homology of the
complex
cone
(
C•(TX,X)→ C•(X))[−1]
where the map is restriction to the zero section.
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The trivialization φm : X̂m → X×C∗ given by ξm (7.1) induces a MHS morphism
φ∗m : H
2(C,C∗)→ H2X(TX, X̂m). The class cξ is the image of the positive generator
τB of H
2(C,C∗) ∼= Z(−1) under the sequence
H2(C,C∗) = H2{0}(C)
r∗m // H2X(TX, X̂)
p∗m // H2X(TX, X̂) H
2
∆(X
2,∆X).
≃oo
It follows that cξ is a real (and therefore rational) Hodge class. The final observation
is that π∗ : H2∆(X
2,∆X) → H2∆(X2, X̂) is a morphism of MHS, from which it
follows that π∗cξ is a Hodge class. 
Corollary 7.8. The cup product (6.2) is a morphism of MHS. Consequently, cup-
ping with cξ
⌣ cξ : Hˇ
0(X ; LˇX ⊗ LˇX)→ H2(X2, X̂; PˇX ⊗ Pˇ opX → LˇX̂)⊗Q(−1)
is a morphism of MHS
8. Mapping Class Group Orbits of Framings
In this section, we recall Kawazumi’s classification [23] of mapping class group
orbits of framings of a surface. As we shall see subsequently, this classification is
closely related to the classification of the strata of meromorphic 1-forms studied
by Kontsevich and Zorich [27] in the holomorphic case, and by Chen, Gendron,
Grushevsky and Mo¨ller [4] in the meromorphic case.
We first recall the definition of mapping class groups and our notation for them.
Suppose that Q is a finite subset of S with #Q = m, and V is a set of r non-zero
tangent vectors that are anchored at r distinct points, none of which are in Q. The
mapping class group Γg,m+~r is defined to be the group π0Diff
+(S,Q, V ) of isotopy
classes of S that fix the points Q and the tangent vectors V . The indices m and r
are omitted when they vanish.
Suppose that Q is non-empty. Set S = S−Q. The mapping class group Γg,m acts
on framings of S by pushforward. Kawazumi [23] determined the set of mapping
class group orbits. They depend on the vector d(ξ) = (dq)q∈Q ∈ ZQ of local degrees
of ξ at the points of Q. We say that d(ξ) is even if each dq is even. When g > 0
and d(ξ) is even, we can associate the F2 quadratic form
fξ : H1(S;F2)→ F2, a 7→ 1 + rotξ(α) mod 2
to ξ, where α is an imbedded circle that represents a. Denote the Arf invariant of
this form by Arf(ξ).
Theorem 8.1 (Kawazumi). Suppose that ξ0 and ξ1 are framings of S.
(i) If g = 0, then ξ0 and ξ1 are in the same Γ0,m orbit if and only if d(ξ0) =
d(ξ1).
(ii) If g > 1 and d(ξ0) is not even, then ξ0 and ξ1 are in the same Γg,m-orbit
if and only if d(ξ0) = d(ξ1).
(iii) If g > 1 and d(ξ0) is not even, then ξ0 and ξ1 are in the same Γg,m-orbit
if and only if d(ξ0) = d(ξ1).
(iv) If g > 1 and d(ξ0) is even, then ξ0 and ξ1 are in the same Γg,m-orbit if
and only if d(ξ0) = d(ξ1) and Arf(ξ0) = Arf(ξ1).
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(v) If g = 1, then ξ0 and ξ1 are in the same Γ1,m-orbit if and only if d(ξ0) =
d(ξ1) and A(ξo) = A(ξ1), where
A(ξ) := gcd{rotξ(α) : α is a non-separating simple closed curve in S}.
Remark 8.2. The role of the quadratic form fξ is not mysterious. When d(ξ) is
even, there is a unique “square root”
√
ξ of ξ. It is a section of a rank 2 vector
bundle that is a square root of TS whose local degree at q ∈ Q is d(ξ)/2. This
bundle corresponds to a spin structure on S. As is well known, spin structures
correspond to F2 quadratic forms on H1(S;F2). There are only two Spg(F2) orbits
of these, and they are distinguished by the Arf invariant.
We can regard the topological tangent bundle TS of the oriented surface S as
complex line bundle T . This allows us to define the section ξmo of the complex line
bundle T⊗m over S for all m > 0. These are well defined up to homotopy. The
obstruction to two “even” framings being in the same mapping class group orbit
vanishes when we take squares.
Corollary 8.3. When g > 1, ξ20 and ξ
2
1 are in the same Γg,m orbit if and only if
d(ξ0) = d(ξ1).
Proof. If any dj is odd or if all dj are even and Arf(ξ0) = Arf(ξ1), then Kawazumi’s
result implies that ξ0 and ξ1 are in the same mapping class group orbit, so ξ
2
0 and
ξ21 are as well. Now suppose that all dj are even and that Arf(ξ0) 6= Arf(ξ1). In this
case, Arf(ξ1)−Arf(ξ0) = δ, a non-zero element ofH1(S;F2). This class corresponds
to a homomorphism H1(S)→ F2, and thus to a flat complex line bundle L over S
whose square L⊗2 is the trivial flat bundle. 
9. The Existence of Quasi-algebraic Framings
In this section we prove Theorem 5. We first fix the notation to be used in this
and subsequent sections.
Suppose that 2g + n > 1, where g and n are non-negative integers. Suppose
that S is an (n + 1)-punctured surface of genus g. Write S = S − P , where
P = {x0, . . . , xn} is a subset of S. Fix a vector d = (d0, . . . , dn) ∈ Zn+1 with∑n
0 dj = 2− 2g. Suppose that ~vo is a non-zero tangent vector of S anchored at the
point x0 and that ξo is a nowhere vanishing vector field on S with local degree dj
at xj .
A complex structure on (S, P ) is an orientation preserving diffeomorphism
(9.1) φ : (S, P )→ (X,D),
where X is a compact Riemann surface and D a finite subset. It induces the
complex structure (S, P,~vo) → (X,D, φ∗~vo) on (S, P,~vo). A complex structure
φ : (S, P )→ (X,D) determines a base point ofMg,n+1 and a natural isomorphism
φ∗ : Γg,n+1 → π1(Mg,n+1, φ).
Definition 9.1. Suppose that m is a positive integer. A complex structure on
(S, P, ξmo ) (or on ξ
m
o for short) is a complex structure φ : (S, P ) → (X,D) on
(S, P ) and a meromorphic section η on X of (TX)⊗m (an algebraic m-framing)
whose divisor is supported on D and whose pullback φ|∗Sη to S is homotopic to
ξmo . A quasi-complex structure on (S, P, ξo) is a complex structure on (S, P, ξ
m
o ) for
some m > 0. These correspond to quasi-algebraic framings on (X,D).
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Remark 9.2. The residue theorem implies that (S, P, ξo) does not have a complex
structure when, say, d0 = 1 and all other dj < 0 are negative. However, ξ
2
o can
have a complex structure in this case. For example, suppose that g ≥ 1 and that
X is the smooth projective model of the curve
y2 =
2g∏
j=0
(x− aj),
where the aj are distinct elements of C
∗. Let xj be the point of X lying over aj and
x2g+1 the point lying over ∞. Then the meromorphic section η of (TX)⊗2 dual to
the quadratic differential
ω :=
2g∏
j=0
(x− aj)−dj
(
dx
y
)2
is a 2-framing. It has divisor 2
∑2g+1
j=0 djxj . Each square root of ω is a topological
framing of X . In particular, we can take d0 = 1 and all other dj ≤ 0.
Remark 9.3. When g = 1 and d = 0, X is a punctured elliptic curve. So X =
C/Λ for some lattice Λ. Since TX is a trivial holomorphic line bundle, the only
holomorphic sections of (TX)⊗m are multiplies of the translation invariant section
(∂/∂z)m. All other smooth sections ξ of TX with d = 0 differ from it by an element
e(ξ) of H1(X ;Z). If e(ξ) 6= 0, then (S, ξ) does not admit a quasi-complex structure.
Proposition 9.4. For each g below, d ∈ Zn+1 satisfies ∑n0 dj = 2− 2g.
(i) If g = 0, then for all d, there is exactly one mapping class group orbit of
homotopy classes of complex structure on (S, P, ξo).
(ii) If g > 1 and d satisfying dj ≤ 0 for j = 1, . . . , n, there is exactly one
mapping class group orbit of complex structures on (S, P, ξo).
(iii) If g > 1, then there is exactly one mapping class group of homotopy class
of complex structure on (S, P, ξ2o) for all d.
(iv) If g = 1 and d = 0, there is exactly one complex structure on (S, P, ξo) up
to homotopy.
(v) If g = 1 and d 6= 0, then there is a quasi-complex structure on (S, P, ξo) if
and only if A(ξo) = gcd{d0, . . . , dn}.5
(vi) If g = 1, #{j : dj 6= 0} > 2 and A(ξ0) = gcd{d0, . . . , dn}, then there
(S, P, ξ0) has a complex structure for all complex structures (X,D) on
(S, P ).
Proof. The proof of the genus 0 case (i) is elementary and is left to the reader. We
now assume that g > 0.
Suppose now that g > 1. Denote the locus of (n+1)-pointed curves (C;x0, . . . , xn)
in Mg,n for which m
∑
j djxj an (−m)-canonical divisor by Smd . This locus may
be empty and may be disconnected. Each connected component of Sm
d
determines
a Γg,n+1-orbit of m-framings ξ of the punctured reference surface S. The classifi-
cation of strata of abelian differentials in [27] implies that if all dj < 0, then S
1
d
has one component when at least one dj is odd and that S
1
d
has 2 components,
distinguished by the Arf invariant, when all dj are even. This and Theorem 8.1
5The condition that A(ξo) = gcd{d0, . . . , dn} is equivalent to the condition that rotξo(α) is
divisible by gcd(dj ) for all simple closed curves α in S.
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imply (ii). The classification of meromorphic differentials in [4] implies that S 2
d
is
non-empty all d. Combined with Corollary 8.3 it proves (iii).
Suppose now that g = 1 and that X = C/Λ. Every algebraic m-framing of
(X,D) is of the form
η = f
(
∂/∂z)m
where f is a non-zero meromorphic function whose divisor is
∑
j djxj , where D =
{x0, . . . , xn}. If ξ is an mth root of η, then as A(∂/∂z) = 0, it follows that the
rotation number rotξ(γ) of every closed curve in X lies in the ideal generated by
the dj . It follows that A(ξ) = gcd(dj) for all quasi-algebraic framings of X . This
proves (iv) and the “only if” part of (v). If d = ±(−m,m), where m > 0, then we
can take x1−x0 to be a non-zero m-torsion point of the jacobian of X and f to be
a function whose divisor is m(x1 − x0). We prove the remainder of the converse by
proving (vi).
Suppose that g = 1 and d 6= 0. By decreasing n if necessary, we may assume
that all dj are non-zero. Suppose that n > 1. Define
Fd : X
n+1 → JacX
by Fd(x0, . . . , xn) =
∑
j djxj . We have to show that the fiber Y of Fd over 0 is
not contained in any of the diagonals ∆j,k := {xj = xk}. To see that Y cannot be
contained in ∆j,k, choose ℓ such that j, k, ℓ are distinct. This is possible as n > 1.
If (x0, . . . , xn) ∈ Y then for all but finitely many u ∈ JacX , (y0, . . . , yn) is not in
∆j,k, where
ya :=

xa a 6= k, ℓ,
xk + dℓu a = k,
xℓ − dku a = ℓ.
This completes the proof of (v) and (vi). 
Remark 9.5. This result implies that the framings that occur in [3, Thm. 6.1] are
precisely those that admit a quasi-complex structure. See footnote 1 on page 3 for
conventions.
10. Torsors of Splittings of the Goldman–Turaev Lie Bialgebra
In this section, we explain how Hodge theory gives torsors of simultaneous split-
tings of (1.2) and (1.3) and explain how these give solutions to the Kashiwara–
Vergne problem. In particular, we prove Corollary 4 and take the first steps towards
proving Theorem 6.
Proposition 10.1. Each homotopy class of quasi-complex structures on (S, P,~vo, ξo)
gives a torsor of simultaneous splittings of (1.2) and (1.3). The splittings con-
structed from a fixed complex structure on (S, P,~vo)→ (X,D,~vo) are torsors under
the prounipotent radical UMTX,~v of the Mumford–Tate group of Qπ1(X,~v)∧.
Proof. By [17, Thm. 6], the MHS on Qπ1(X,~v)
∧ determines a torsor of isomor-
phisms
(10.1) Qπ1(X,~v)
∧ −→
∏
m≤0
GrWm Qπ1(X,~v)
∧
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each of which solves the KV-problem KVI(g,n+1), as defined in [1]. These are a
torsor under UMTX,~v . Corollary 2 implies (via the discussion in [17, §10.2]) that the
induced isomorphism
Qλ(X)∧ ∼=
∏
m≤0
GrWm Qλ(X)
∧
is an isomorphism of Lie bialgebras. 
These Hodge theoretic splittings give solutions to the KV-problem KV
(g,n+1)
d
.
This result implies Corollary 4.
Corollary 10.2. Each homotopy class of quasi-complex structures on (S, P,~vo, ξo)
gives a torsor of solutions to the Kashiwara–Vergne problem KV
(g,n+1)
d
. These
solutions form a torsor under the prounipotent radical UMTX,~v of the Mumford–Tate
group of Qπ1(X,~v)
∧.
Proof. This follows from Proposition 10.1 and [1, Thm. 5], which implies that the
automorphism Φ of
Q〈〈x1, . . . , xg, y1, . . . , yg, z1, . . . , zn〉〉
constructed from the choice of a lifting χ˜ of the canonical central cocharacter χ :
Gm → π1(MHSss) in [17, §13.4] is a solution of KVI(g,n+1). 
Remark 10.3. In view of Remark 9.5, this gives a new and independent proof of
the main result, Theorem 6.1, of [3].
Solutions of KV
(g,n+1)
d
that arise from Hodge theory will be called motivic solu-
tions as they arise from a complex (and thus algebraic) structure on (S, P,~vo, ξ
m
o )
for some m > 0. All solutions of KV
(g,n+1)
d
comprise a torsor under a prounipotent
group subgroup KRVd
g,n+~1
of AutQπ1(S,~vo)
∧. For each complex structure φ on
(S, P,~vo, ξ
m
o ), there is an inclusion φ∗ : UMTX,~v →֒ KRVdg,n+~1. These homomorphisms
depend non-trivially on φ and are, in general, not surjective.
11. The Stabilizer of a Framing
A second way to generate solutions of the KV-problem KV
(g,n+~1)
d
from a given
solution is to conjugate it by an element of the Torelli group Tg,n+~1 (defined below)
that fixes the framing ξo. In this section, we compute the stabilizer of a framing.
Suppose that S is a compact oriented surface of genus g and that 2g − 2 +
m + r > 0. For each commutative ring A set HA = H1(S;A). The intersection
pairing HA⊗HA → A is a unimodular symplectic form. Denote the corresponding
symplectic group by Sp(HA). We will regard both H and Sp(H) as affine groups
over Z whose A-rational points are HA and Sp(HA), respectively. The Torelli group
Tg,m+~r is defined to be the kernel of the homomorphism
ρ : Γg,m+~r → Sp(HZ)
that is induced by the action of Γg,m+~r on HZ. This homomorphism is well-known
to be surjective.
For the remainder of this section (S, P ) will be an (n+1) pointed surface of genus
g, where 2g−2+n > 0, and ξo will be a framing of S with vector of local degrees d.
Denote the pushforward of ξo by ψ ∈ Diff+(S, P ) by ψ∗ξo. The homotopy class of
this pushforward depends only on the class of ψ in the mapping class group Γg,n+1
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of (S, P ). Since ψ fixes the punctures P , ψ∗ξo and ξo have the same local degrees.
The homotopy class of their ratio
(ψ∗ξo)/ξo : S → C∗
is an element of H1(S;Z) that we denote by fξo(ψ). It vanishes if and only if ψ
fixes ξo.
Lemma 11.1. The function fξo : Γg,n+1 → HZ is a 1-cocycle. Its restriction to
the Torelli group Tg,n+1 is an Sp(HZ)-equivariant homomorphism whose kernel is
the stabilizer of ξo in Tg,n+1.
Proof. It is clear from the definition that ψ ∈ Γg,n+1 stabilizes the homotopy class
of ξo if and only if fξo(ψ) = 0. Suppose that ψ
′, ψ′′ ∈ Γg,n+1. Since
(ψ′ψ′′)∗ξo
ξo
=
ψ′∗ξo
ξo
(ψ′ψ′′)∗ξo
ψ′∗ξo
=
ψ′∗ξo
ξo
· ψ′∗
(
ψ′′∗ ξo
ξo
)
as homotopy classes of functions S → C∗, it follows that fξo satisfies the 1-cocycle
condition
fξo(ψ
′ψ′′) = fξo(ψ
′) + ψ′∗fξo(ψ
′′).
The restriction of fξo to Tg,n+1 is a homomorphism as the Torelli group acts trivially
on HZ. 
In the next section, we will need to know that the class of fξo is a Hodge class.
In preparation for proving this, we give an algebro-geometric interpretation of fξo .
The vector of local degrees d of ξo determines a section Fd of the universal
jacobian Jg,n+1 over Mg,n+1. It is defined by
(11.1) Fd(C;x0, . . . , xn) = KC +
n∑
j=0
djxj ∈ JacC
where C is a compact Riemann surface of genus g; x0, . . . , xn are distinct labelled
points of C; and where KC denotes the canonical class of C.
6
Fix a base point o of Mg,n+1. Denote the identity of JacCo by zo. The funda-
mental group of Jg,n+1 with base point zo is an extension of Γg,n+1 by HZ. The
identity section induces a splitting of this extension and thus a canonical isomor-
phism
π1(Jg,n+1, zo) ∼= Γg,n+1 ⋉HZ
where we are identifying π1(Mg,n+1, o) with Γg,n+1 and HZ with H1(Co;Z). The
standard representation Γg,n+1 → Sp(HZ) induces a homomorphism
π1(Jg,n+1, zo)→ Sp(HZ)⋉HZ.
The section Fd of Jg,n=1 over Mg,n+~1 induces a homomorphism
τd : Γg,n+~1 → π1(Jg,n+1, zo)→ Sp(HZ)⋉HZ.
Such as homomorphism corresponds to a cohomology class [τd] ∈ H1(Γg,n+1, HZ).
6The image of (C; x0, . . . , xn) under Fd corresponds to a C
∞ isomorphism of the line bundle
OC(
∑
djxj) with TC under which the section of OC(
∑
djxj) with divisor
∑
djxj corresponds
to a framing with local degree vector d. This gives an m-framing of C − {x0, . . . , xn} if and only
if Fd(C; x0, . . . , xn) is an m-torsion point of JacC. If g 6= 1, or if g = 1 and gcd{dj} = A(ξo),
this gives a complex structure on ξmo .
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Proposition 11.2. The cohomology classes of fo and τd in H
1(Γg,n+1;HZ) are
equal. In particular, the class of fo depends only on the vector d of local degrees.
Sketch of Proof. These classes clearly vanish when g = 0. So suppose that g > 0.
First observe that H1(Γg,n+1;HZ) is torsion free. This can be proved using the
cohomology long the exact sequence of
0 // HZ
×N // HZ // HZ/N // 0
the vanishing of H0(Γg,n+1;HZ/N ) for all N > 0, and the finite generation of
Hj(Γg,n+1;HZ). It therefore suffices to show that the classes of fξo and τd agree in
H1(Γg,n+1;HQ).
By the “center kills” argument H•(Spg(Z);HQ) vanishes. This implies (via the
Hochschild–Serre spectral sequence) that the restriction mapping
H1(Γg,n+1;HQ)→ HomSp(HZ)(H1(Tg,n+1), HQ)
is an isomorphism.
Denote the pure braid group on n+1 strings of S by πg,n+1. The inclusion of the
configuration space of S into S
n+1
induces an isomorphism H1(πg,n+1) ∼= Hn+1Z .
(See [12, Prop. 2.1].) When g > 1, the inclusion πg,n+1 → Tg,n+1 induces an
isomorphism
(11.2) HomSp(HZ)(H1(Tg,n+1), HQ)→ HomSpg(Z)(H1(πg,n+1), HQ) ∼= Qn+1.
When g > 2, this follows from Johnson’s work [26] as in [12, Prop. 4.6]. When
g = 2, this follows similarly from results in [33]. When g = 1, there is an exact
sequence
0→ HZ → H1(πg,n+1)→ H1(T1,n+1)→ 0
where the left-hand map is the diagonal embedding, which is induced by the diago-
nal action of an elliptic curve E on En+1. This implies that (11.2) is injective with
image the hyperplane consisting of those (u0, . . . , un) with
∑
j uj = 0.
These observations imply that to prove the equality of the classes of fξo and
τd, we just have to see that they agree on the “point pushing” subgroup of Tg,n+1
— that is, on the image of πg,n+1 in the Torelli group. An elementary argument
implies that fξo and τd both have image d ∈ Qn+1. The computations for τd can
be found in [16, Prop. 11.2] for g > 1 and [16, §12] for g = 1. 
12. Relative Completion of Mapping Class Groups and Torsors of
Splittings
In this section, we consider the torsor of splittings of the Goldman–Turaev Lie
bialgebra obtained by combining those constructed in Section 10 using Hodge theory
with those coming from the stabilizer of of ξo in the Torelli group. We will use the
notation of the previous section. We replace mapping class groups by their relative
completions, which allows us to prove stronger results.
Recall from [12] that the completion of Γg,m+~r relative to ρ : Γg,m+~r → Sp(HQ)
is an affine Q-group Gg,m+~r that is an extension
1→ Ug,m+~r → Gg,m+~r → Sp(H)→ 1
of affine Q-groups, where Ug,m+~r is prounipotent. There is a Zariski dense homo-
morphism ρ˜ : Γg,m+~r → Gg,m+~r(Q) whose composition with the homomorphism
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Gg,m+~r(Q)→ Sp(HQ) is ρ. When g = 0, Sp(H) is trivial and G0,m+~r is the unipo-
tent completion Γun0,m+~r.
Remark 12.1. The homomorphism Tg,m+~r → Ug,m+~r(Q) induced by ρ˜ has Zariski
dense image when g > 1. This follows from the right exactness of relative com-
pletion [13, Thm. 3.11] and the vanishing of H1(Spg(Z), V ) for all rational repre-
sentations V of Sp(H) when g 6= 1. (See [13, Thm. 4.3].) However, when g = 1,
T1,n+~1 → U1,n+~1(Q) is not Zariski dense. For example, T1,1 is trivial, while the Lie
algebra of U1,1 is freely topologically generated by an infinite dimensional vector
space as explained in [12, Remarks 3.9,7.2] and in [20, §10].
The action of the mapping class group Γg,n+~1 on Qπ1(S,~vo) induces an action
on Qλ(S) which preserves the Goldman bracket. The stabilizer of ξo preserves the
Turaev cobracket. The universal mapping property of relative completion implies
that Gg,n+~1 acts on Qπ1(S,~vo)∧ and Qλ(S)∧. Since the image of the mapping
class group in Gg,n+~1 is Zariski dense, this action preserves the Goldman bracket.
However, since Gg,n+~1 does not act on framings, it is not clear which subgroup of
Ug,n+~1 preserves the cobracket. Our next task is to determine this subgroup.
The universal property of relative completion implies that the homomorphism
τd : Γg,n+~1 → Sp(HZ)⋉HZ constructed Section 11 induces a homomorphism
τ˜d : Gg,n+~1 → Sp(H)⋉H.
It is surjective as the image of τd is Zariski dense in Sp(H)⋉H .
Proposition 12.2. For all quasi-algebraic framings ξo of S, the action of ker τ˜d
on λ(S)∧ preserves the completed Turaev cobracket
(12.1) δξo : Qλ(S)
∧ → Qλ(S)∧ ⊗̂Qλ(S)∧.
Proof. When g = 0, τ˜d is trivial. Since Γ0,n+~1 preserves the homotopy class of
ξo, the result is trivially true. Now assume that g > 0. For the rest of the proof,
we assume the reader is familiar with the general theory of relative completion as
explained in [13, §3].
When g ≥ 2, every framing is quasi-algebraic by Proposition 9.4 and the algebraic
nature of the framing will not play any explicit role in the proof. The computation
[13, Ex. 3.12] and the right exactness of relative completion [13, Prop. 3.7] imply
that the completion of Sp(HZ) ⋉ HZ relative to the obvious homomorphism to
Sp(HQ) is Sp(H)⋉H ; the canonical homomorphism Sp(HZ)⋉HZ → Sp(HQ)⋉HQ
is the inclusion. Right exactness of relative completion implies that the sequence
(ker τd)
un // Gg,n+~1
τ˜d // Sp(H)⋉H // 1
is exact, where ( )un denotes unipotent completion. Since every group is Zariski
dense in its unipotent completion, the exactness of this sequence implies that ker τd
is Zariski dense in ker τ˜d. Since ker τd fixes ξo, it preserves the completed cobracket.
It follows that ker τ˜d does as well.
In view of Remark 12.1, the proof is more intricate when g = 1. We first consider
the case when n = 0. We take S to be the group S1 × S1 and P to be its identity.
In this case, ξo is a translation invariant vector field. Since any two translation
invariant vector fields are homotopic, it follows that their homotopy classes lie in
one SL2(Z)-orbit of framings. Since the cobracket depends only on the homotopy
class of the framing, SL2(Z) preserves the completed cobracket (12.1). Since SL2(Z)
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is Zariski dense in G1,~1, it follows that it also preserves the cobracket. Since the
image of τd : G1,~1 → Sp(H)⋉H is Sp(H), it follows that kerd = U1,~1 preserves the
completed cobracket.
Suppose now that g = 1 and n > 0. Since ξo is quasi-algebraic, A(ξo) = gcd(dj).
So there exist two transversely intersecting simple closed curves α and β in S with
rotξo(α) = rotξo(β) = 0. A regular neighbourhood of the union of α ∪ β is a genus
1 surface with one boundary component. Its complement is a subsurface of type
(0, n+ 1 + ~1). Since rotξo(α) = rotξo(β) = 0, the restriction of the framing to the
genus 1 subsurface is homotopic to a translation invariant framing.
The inclusion of the genus 1 subsurface induces an inclusion Γ1,~1 → Γ1,n+~1. By
the n = 0 case, the image of Γ1,~1 in Γ1,n+~1 preserves the homotopy class of ξo. The
kernel of the restriction of τd : T1,n+~1 → HZ also preserves the class of ξo. So the
subgroup
Γξo := 〈ker τd ∩ T1,n+~1,Γ1,~1〉
of Γ1,n+~1 generated by these two groups stabilizes the class of ξo and thus preserves
the cobracket. The prounipotent radical Uξo of the Zariski closure of Γξo in G1,n+~1
is generated by the image of U1,~1 and the kernel of τd : T un1,n+~1 → H . It is precisely
the kernel of τd : U1,n+~1 → H . Since Γξo preserves the cobracket, so does Uξo . 
Denote ker τ˜d by Udg,n+~1. There is a natural homomorphism
Ud
g,n+~1
→ KRVd
g,n+~1
.
Denote the image of Ug,n+~1 in AutQπ1(S,~vo)∧ by Ug,n+~1 and the image of Udg,n+~1
by Udg,n+~1. A complex structure φ : (S, P,~vo)→ (X̂,D,~v) determines a Mumford–
Tate group MTX,~v. Identify π1(X,~v) with π1(S,~vo) via φ. This gives Qπ1(S,~vo)
∧
a MHS and allows us to regard MTX,~v as as acting on Qπ1(S,~v)
∧. Denote the
subgroup of AutQπ1(S,~vo)
∧ generated by UMTX,~v and U
d
g,n+~1 by Ûdg,n+~1(φ).
Recall that a MHS on an affine Q-group G is, by definition, a MHS on its
coordinate ring O(G). Equivalently, a MHS on G is an algebraic action of π1(MHS)
on G. A homomorphism G1 → G2 of affine Q-groups with MHS is a morphism of
MHS if it is π1(MHS) equivariant. A MHS on G induces one on its Lie algebra.
Lemma 12.3. A quasi-complex structure φ on (S, P,~vo, ξo) determines pro-MHS
on the Lie algebras (and coordinate rings) of Ud
g,n+~1
and Ûd
g,n+~1
(φ). The homomor-
phism Ûg,n+~1(φ)→ AutQπ1(X,~v)∧ is a morphism of MHS.
Proof. The quasi-complex structure φ determines a MHS on Ug,n+~1. Observe that
Ud
g,n+~1
is the kernel of the the homomorphism
Gg,n+~1 // Gg,n+1
τ˜d // Sp(H)⋉H
induced on completed fundamental groups by the morphism of pointed varieties(Mg,n+~1, (X,D,~v)) // (Mg,n+1, (X,D)) Fd // (X , (JacX, 0)),
were X → Ag is the universal abelian variety over Ag, the moduli space of prin-
cipally polarized abelian varieties. Since morphisms of pointed varieties induce
HODGE THEORY OF THE TURAEV COBRACKET 31
morphisms of MHS on completed fundamental groups, it follows that Ud
g,n+~1
has a
natural MHS.
This MHS corresponds to an action of π1(MHS) on it, so that one has the group
π1(MHS)⋉ Udg,n+~1. The pro-MHS on Qπ1(X,~v)∧ corresponds to a homomorphism
π1(MHS) → AutQπ1(X,~v)∧. By [12, Lem. 4.5], the homomorphism Udg,n+~1 →
AutQπ1(X,~v)
∧ is a morphism of MHS. It thus extends to a homomorphism
π1(MHS)⋉ Udg,n+~1 → AutQπ1(X,~v)∧.
Its image is Ûd
g,n+~1
(φ). The inner action of π1(MHS) on Ûdg,n+~1 gives it a MHS. The
inclusion Ûd
g,n+~1
→֒ AutQπ1(X,~v)∧ is π1(MHS)-invariant, which implies that it is
a morphism of MHS. 
The following theorem is proved in Section 13. It and the previous lemma imply
Theorem 6.
Theorem 12.4. For each quasi-complex structure φ : (S, P,~vo, ξo)→ (X,D,~v, ξ),
there is an injective homomorphism Ûd
g,n+~1
(φ) →֒ KRVd
g,n+~1
of prounipotent Q-
groups. Its image does not depend on the quasi-complex structure φ. The group
Udg,n+~1 is a normal subgroup of Ûdg,n+~1. There is a canonical surjection K →
Ûd
g,n+~1
/Udg,n+~1, where K is the prounipotent radical of π1(MTM).
Since Ûd
g,n+~1
(φ) is independent of the choice of φ, we denote it by Ûd
g,n+~1
.
Remark 12.5. The complex structure on (S, P,~vo, ξo) defines a C-point, and thus
a geometric point, p of the moduli stack Mg,n+~1/Q. Its e´tale fundamental group
π1(Mg,n+~1, p) is an extension
1→ Γ∧
g,n+~1
→ πe´t1 (Mg,n+~1, p)→ Gal(Q/Q)→ 1.
where Γ∧
g,n+~1
denotes the profinite completion of the mapping class group. For
each prime number ℓ, there is an homomorphism πe´t1 (Mg,n+~1, p)→ Sp(HZℓ)⋉HZℓ .
Denote its kernel by πe´t1 (Mg,n+~1, p)d. There is a homomorphism
φℓ : π
e´t
1 (Mg,n+~1, p)d → KRVdg,n+~1(Qℓ).
Using weighted completion [14, §8], one can show that the Zariski closure of the
image of φℓ is Ûdg,n+~1(Qℓ).
Recall from [17, §10.2] that natural splittings of the weight filtration of a MHS
correspond to lifts of the central cocharacter χ : Gm → π1(MHSss) to π1(MHS).
Each MHS on the completed Goldman–Turaev Lie bialgebra and each lift of χ gives
rise to a splitting of the Goldman–Turaev Lie bialgebra.7 It also gives a grading of
û
d
g,n+~1
. Thus
Corollary 12.6. Each choice of a quasi-complex structure φ : (S, P,~vo, ξo) →
(X,D,~v, ξ) and each choice of a lift of the central cocharacter χ : Gm → π1(MHSss)
7This is called Goldman–Turaev formality in [3].
32 RICHARD HAIN
gives isomorphisms
u
d
g,n+~1
∼=
∏
m
GrWm u
d
g,n+~1
and Qπ1(X,~v)
∧ ∼=
∏
m
GrWm Qπ1(S,~v)
such that the diagram
û
d
g,n+~1
//
∼=

DerQπ1(X,~v)
∧
∼=
∏
mGr
W
m û
d
g,n+~1
// Der
∏
mGr
W
m Qπ1(S,~v)
commutes. Each of these splittings descends to splitting of the weight filtration of
the Goldman–Turaev Lie bialgebra (Qλ(S)∧, { , }, δξo). 
13. Proof of Theorem 12.4
We will use the notation of the previous section. We begin a reformulation of
the definition of Ûd
g,n+~1
(φ) associated to a quasi-complex structure
φ : (S, P,~vo, ξo)→ (X,D,~v, ξ)
on (S, P,~vo, ξo). This determines an isomorphism Γg,n+~1
∼= π1(Mg,n+~1, φo). The
corresponding MHS on the relative completion Gg,n+~1 corresponds to an action
of π1(MHS) on Gg,n+~1. The quasi-complex structure φ determines a semi-direct
product
π1(MHS)⋉ Gg,n+~1.
Since the natural homomorphism Gg,n+~1 → AutQπ1(X,~vo)∧ is a morphism of MHS,
[12, Lem. 4.5], the monodromy homomorphism extends to a homomorphism
π1(MHS)⋉ Gg,n+~1 → AutQπ1(X,~vo)∧.
Denote its image by Ĝg,n+~1 and the image of Gg,n+~1 by Gg,n+~1. It is normal in
Ĝg,n+~1. The group Ĝg,n+~1 is an extension
1→ Ûg,n+~1 → Ĝg,n+~1 → GSp(H)→ 1,
where GSp denotes the general symplectic group and Ûg,n+~1 is prounipotent.8
Proposition 13.1. For each complex structure φ : (S, P,~vo) → (X,D,~v), the
coordinate ring O(Ĝg,n+~1/Gg,n+~1) has a canonical MHS. These form an admissible
variation of MHS over Mg,n+~1 with trivial monodromy. Consequently, the MHS
on O(Ûg,n+~1/Ug,n+~1) does not depend on the complex structure φ.
Proof. The first task is to show that the Ĝg,n+~1 form a local system over Mg,n+~1.
This is not immediately clear, as the size of the Mumford–Tate group depends
non-trivially on complex structure on (S, P,~v). To this end, let x = (X,D,~v) be
a point of Mg,n+~1. Denote the relative completion of π1(Mg,n+~1, x) by Gx. Let
8One can argue as in [19] that, if g ≥ 3, then then UMT
X,~v
→ Û
g,n+~1
is an isomorphism if and only
if π1(MHS)→ GSp(H) is surjective; the Griffiths invariant ν(X) ∈ Ext
1
MHS(Q, PH
3(JacX(2))) of
the Ceresa cycle in JacX is non-zero; and if the points κj := (2g − 2)xj − KX ∈ (JacX) ⊗ Q,
0 ≤ j ≤ n, are linearly independent over Q. This holds for general (X,D,~v).
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y = (Y ,E,~v′) be another point of Mg,n+~1 and let Gy be the relative completion
of π1(Mg,n+~1, y). Denote the relative completion of the torsor of paths in Mg,n+~1
from x to y by Gx,y. Its coordinate ring has a natural MHS and the multiplication
map
Gx × Gx,y → Gy
is a morphism of MHS [11]. This is equivalent to the statement that the map
(π1(MHS)⋉ Gx)× Gx,y → π1(MHS)⋉ Gy
defined by (σ, λ, γ) 7→ (σ, γ−1λγ) is a π1(MHS)-equivariant surjection, where α ∈
π1(MHS) acts by
α : (σ, λ, γ) 7→ (ασα−1, α · λ, α · γ) and α : (σ, µ) 7→ (ασα−1, α · µ).
The diagram
(π1(MHS)⋉ Gx)× Gx,y //

π1(MHS)⋉ Gy

AutQπ1(X,~v)
∧ × Gx,y // AutQπ1(Y, ξ′)∧
commutes, where Y = Y − E and where the bottom arrow is induced by parallel
transport in the local system whose fiber over x is AutQπ1(X,~v)
∧. This implies
that there is a morphism Ĝx×Gx,y → Ĝy that is compatible with path multiplication.
It follows that the Gx form a local system overMg,n+~1.
We now prove the remaining assertions. The monodromy action of Γg,n+~1 on
Ĝg,n+~1/Gg,n+~1 is the composite
Γg,n+~1 → Gg,n+~1(Q)→ Aut
(Ĝg,n+~1/Gg,n+~1)(Q),
where the first homomorphism is the canonical map, and the second is induced by
conjugation. It is easily seen to be trivial as Gg,n+~1 is normal in Ĝg,n+~1.
The coordinate ring of Ĝg,n+~1/Gg,n+~1 has a MHS as the inclusion Gg,n+~1 →
Ĝg,n+~1 is π1(MHS)-equivariant. This variation has no geometric monodromy, and
so is constant by the theorem of the fixed part. Since Ug,n+~1 = Ûg,n+~1 ∩ Gg,n+~1,
the map
Ûg,n+~1/Ug,n+~1 → Ĝg,n+~1/Gg,n+~1
is a π1(MHS)-equivariant inclusion. It follows that Ûg,n+~1/Ug,n+~1 is also a constant
variation of MHS over Mg,n+~1. 
The homomorphism τ˜d : Gg,n+~1 → Sp(H)⋉H lifts to a homomorphism
τ˜d : Ĝg,n+~1 → GSp(H)⋉H
Its kernel is the group Ûd
g,n+~1
defined in the previous section. Since Udg,n+~1 =
Ûd
g,n+~1
∩ Ug,n+~1, we have:
Corollary 13.2. O(Ûd
g,n+~1
/Udg,n+~1) is a constant VMHS over Mg,n+~1.
Proposition 13.3. There is a canonical surjection π1(MTM)→ Ĝg,n+~1/Gg,n+~1.
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The prounipotent analogue of the proof of Oda’s Conjecture [30] should imply
that this is an isomorphism.
Sketch of Proof. Since the variation O(Ûg,n+~1/Ug,n+~1) is constant, it extends over
the boundary ofMg,n+1. Since the variation of MHS overMg,n+~1 with fiber ug,n+~1
is admissible, it has a limit MHS at each tangent vector of the boundary divisor
∆ of Mg,n+~1. These tangent vectors correspond to first order smoothings of an
(n+1)-pointed stable nodal curve of genus g together with a tangent vector at the
initial point x0. For each such maximally degenerate stable curve
9 (X0, P,~v0) of
type (g, n+ ~1), Ihara and Nakamura [22] construct a proper flat curve
X → SpecZ[[q1, . . . , qN ]], N = dimMg,n+1 = 3g + n− 2
with sections xj , 0 ≤ j ≤ n and a non-zero tangent vector field ~v along x0 that
specialize to the points of P and the tangent vector ξ0 at q = 0. The projection is
smooth away from the divisor q1q2 . . . qN = 0. These are higher genus generaliza-
tions of the Tate curve in genus 1.
There is a limit MHS on each of
Qπ1(X~q,~v)
∧, O(Ûg,n+~1), O(Ug,n+~1)
corresponding to the tangent vector ~q :=
∑N
j=1 ∂/∂qj of Mg,n+~1 at the point
corresponding to (X0, P,~v0). These can be thought of as MHSs on the invariants
of (X~q,~v), where X~q denotes the fiber of X over ~q and X~q the corresponding affine
curve.
The main result of [18] is that these MHS are Hodge realizations of objects of
MTM. This implies that each has an action of π1(MTM) and that the action of
π1(MHS) on each factors through the canonical surjection π1(MHS) → π1(MTM).
Brown’s result [5] asserts that π1(MTM) acts faithfully on
Qπ1(P
1 − {0, 1,∞},~vo)∧.
This implies that it also acts faithfully on Qπ1(X~q,~v)
∧ as (by the construction in
[18]), the unipotent path torsor of X~q is built up from the path torsors of copies of
P1 − {0, 1,∞} (and is 6 canonical tangent vectors) in X~q. In other words, MTX~q,~v
is naturally isomorphic to π1(MTM). This implies that there is a surjective homo-
morphism h : π1(MTM)→ Ûg,n+~1/Ug,n+~1. 
Corollary 13.4. There is a canonical surjection K → Ûd
g,n+~1
/Udg,n+~1.
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